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Abstract: We count the number of vertices in plane trees and fc-ary trees with given outdegree, 
and prove that the total number of vertices of outdegree i over all plane trees with n edges is 
total number of vertices of outdegree i over all /c-ary trees with n edges is 
(h (n-i) ■ both results we give bijective proofs as well as generating function proofs. 
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1 Introduction 

Let us first review some terminology related to trees. A tree is an acyclic connected graph. 
In this paper we will assume all the trees are {unlabelled) plane trees, i.e., rooted trees whose 
vertices are considered to be indistinguishable, but the subtrees at any vertex are linearly 
ordered. For each vertex of a tree, we say that v is of outdegree i if it has i subtrees, and call 
vertices of outdegree 0 leaves. Vertices that are not leaves are called internal vertices. 

An (ordinary) k-ary tree is a plane tree where each vertex has exactly k ordered subtrees, 
which could be empty. A complete k-ary tree is a k-aiy tree for which each internal vertex has 
exactly k nonempty subtrees. In other words, a complete k-ary tree is a plane tree each of 
whose internal vertices has degree k. 

The set of plane trees is one of the most well-known and well-studied combinatorial struc¬ 
tures. Existing results have focused on studying various statistics on plane trees and finding 
bijections between plane trees and other structures. In this paper we focus on the outdegree 
of vertices in plane trees and k-ary trees. Our main results are the following two theorems, for 
which we provid both generating function proofs and bijective proofs. 
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Theorem 1.1 For integers n > 1 and i>0, the total number of vertiees of outdegree i over 
all plane trees with n edges is 


'2n-i- r 


n — 1 


Theorem 1.2 For integers n, A: > 1 and i >0, the total number of vertiees of outdegree i over 
all k-ary trees with n edges is 



The enumeration of plane trees by outdegree sequences has been well studied in the litera¬ 
ture; see [3, 4, 7]. Given a sequence of nonnegative integers (ro, ri,..., r^) with G = 1 

and ~ number of plane trees with n-|- 1 vertices such that exactly rj vertices 

have outdegree j is given by 

1 / n+1 \ 

n + l V^’oTi, 

A more general version of the above result concerning the enumeration of plane forests (graphs 
such that every connected component is a plane tree) by outdegree sequence is given in [9, 
Theorem 5.3.10]. From Theorem 1.1 and the above formula we have the following identity: 


^ n + l • • • Tr 


2n — i — 1 
n — 1 


( 1 . 1 ) 


where the sum is over all sequences of nonnegative integers (rg, ri,..., r„) such that X^”=o G’ ~ 
n + l and YTj=oj^j = 

Counting vertices in plane trees according to the outdegrees was also studied more recently 
by other authors. In [2] Deutsch and Shapiro proved that the total number of vertices of odd 
outdegree over all plane trees with n edges is 


2 /2n - 1\ 

3V n J 




where Fn is the n-th Fine number (Sequence A000957 in [8]). Therefore from Theorem 1.1 we 
immediately have the following formula for Fine numbers; 



Deutsch and Shapiro also counted the number of vertices of odd degree in [2]. Here the 
degree of a vertex v means the total number of vertices adjacent to v. Therefore if v is the 
root, then the degree of v is the same as the outdegree of v. Otherwise, the degree of v is one 
plus the outdegree of v. Deutsch and Shapiro proved that over all plane trees with n edges, the 
total number of vertices of odd degree is twice the total number of vertices of odd outdegree. 
Their proof is based on a generating function method. Later in [5], Eu, Liu and Yeh gave a 
bijective proof of this result by defining a two-to-one correspondence. Although the authors 
didn’t point this out in [5] explicitly, their correspondence showed that over all plane trees 
with n edges, the number of vertices of degree i is twice the number of vertices of outdegree i. 
Therefore from their result we have the following corollary. 
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Corollary 1.3 For integers n > 1 and i > 1, the total number of vertices of degree (i.e., 
outdegree +1,except at the root) i over all plane trees with n edges is 


2 


f2n-i- 1 \ 

V n-l )■ 


2 Generating function proofs for the main results 

We will need the following form of the Lagrange inversion formula in our generating function 
proofs for both plane trees and /c-ary trees. The proof of this lemma can be found in [9, p. 42], 

Lemma 2.4 Let f{z) = zG[f{z)], G{0) ^ 0. Then 

[2”|if(/W) = ^lz'-']H(zyG(zr. (2.1) 


2.1 Generating function proof for plane trees 

It is a well-known result that the number of plane trees with n edges (n-plane trees, for 
short) is counted by the n-th Catalan number Cn = and the generating function 

C('S) := of the Catalan numbers satisfies 

G{z) = l + zC{zf. (2.2) 

From Lemma 2.4 we get the following well-known property for G{z), which also appears in [1, 
Ex. 3.59] and [10, Problem A(32)a] as exercises. 


Lemma 2.5 For any positive integer I, we have 


Iz^lCizY 


I /2n +1\ 
2n +1\ n ) 


(2.3) 


Proof. From (2.2) we know that C{z) — 1 = z({G(z) — 1) -t 1)^. By applying (2.1) we have 
[z^jCizY = (^^(z + 1)'^ (z + 1)2- 

= -^[z—l](z + l)2-+'-l 
n 

I /'2n +1 —1\ I /'2n + l\ 
n\ n — 1 J 2n +1\ n J 


Generating function proof of Theorem 1.1: 

Let ai{m, n) denote the number of n-plane trees with exactly m vertices of outdegree i, and 
Gi{t,z) its generating function, i.e., Gi = Gi{t,z) := n>o 
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By considering the outdegree of the root, we can easily derive that G* = z) satisfies 

Gi = l + zG^ + z^Gf + • • • + + t/Gl + /+^Gi+^ + ■■■ 


1 -zG, 


+ (^-lKG^ 


Differentiating Gj with respect to t, setting t = 1, and making use of the fact that 
Gj(l, 2 :)= ^ ai{m,n)z^ = '^CnZ^ = G{z), 


m,n>0 


We have 


dGi{t,z) ^ z dGi{t,z) i i 

dt {1-zGizW dt 

Moreover, from (2.2) we know that 1/G(2;) = 1 — zG{z). Substituting 1/G(z) for 1 — zG{z) in 
the above equation we have 


+ z^G{zy 


dGi{t,z) 


z^G{z) 


dt l — zG{zy 


z^+^G{z 


On the other hand, we know that 


dGi(t,z) 

dt 


m,n>0 


mai{m^n)f^ ^z^ = Y^ mai{m,n)z 


m,n>0 


Comparing (2.4) and (2.5) we have that the total number of vertices of outdegree i over all 
n-plane trees is 

\ ^ ™ _ \~,n^ dGi(t,Z^\ _ \ ^ \ ^ ( \2m+i 


Y^ mai{m,n) = [z"^] 


= \ \z^-^-^]G{z) 


Applying Lemma 2.5 and the indentity (”) (™) = (^) (”_fc) we get 


Y^ mai{m, \ 


2m + i 

2{n — m — i) + (2m + i) 


2(n — m — i) + (2m + i) 


n — m — i 


2m + i f 2n — i 


2n — i \n — m — i 


2n — i 


- Y («+ 


2n — i 
n + m 


— (n — m — i) 


2n — i 


n — m — i 


2n — i 


E l - 

\ 1 


2n — i\ f2n — i — l\ t2n — i\ f2n — i — 1 


n + m — 1 


n + m 


2n — i — 1 


n + m — 




2n — i — 1 
n + m 


2n — i — 1 
n — 1 
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2.2 Generating function proof for k-ary trees 


Let bk{n) denote the number of /c-ary trees with n edges (with the convention 6^(0) = 1), and 
Bk{z) its generating function, i.e., Bk{z) := ^ bk{n)z'^. By considering the outdegree of the 


root of fc-ary trees, we have 


n^O 


Bk{z) — 1 + zBk{z) + z^ Bk{z)^ + • • • + z^Bk{z)^ 

= (1 + zBk{z))^. 


( 2 . 6 ) 


Similarly to what we did for plane trees, we can get the following property of Bk{z). 


Lemma 2.6 For any positive integer I, we have 

n \ n 


(2.7) 


Generating function proof of Theorem 1.2: 

Let ak^iiniju) denote the number of fc-ary trees with n edges and containing exactly m 
vertices of outdegree i, and Ak^i(t,z) its generating function, i.e.. 


Ak,i{t,z)= ak,i{m,n)t^z^. 


m,n^0 

Considering the outdegree of the root of a /c-ary tree, we have the following recurrence relation: 


Ak,i (t, z) 


1 -|- ( zAk^i{t, z) + \z Ak^i{t, z) +■■■(,) ^ Ak^i{t, z) 


- . ]z''Ak,iit,zy+ t' . z^Ak,i{t,z) 


Therefore we have 


Ak,i{t, z) = {1 + zAk^iit, z))^ + {t-l) z^Ak^ift, zf 


( 2 . 8 ) 


Differentiating Ak^i{t,z) with respect to t on both sides, setting t = 1, and using the fact that 
Ak,i{l,z) = Bkiz), we get 

Applying (2.6) to the above identity, we get 


dAkAt,z) 


dt 


= k{l + zBk{z))^-h 


t=^ 


dt 


dAk^i{t,z) 


dt 


kzBki^z') dAk^i(t^ z^ 


t=i 


1 zBk{z) 


dt 


+ {’^.]z^Bk{zy 


t=l 
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Solving the above equation, we get 

dAk4t,z) ^ {1 +zBk{z)){’l){zBkiz)y 

t=i 


dt 


1- {k- l)zBk{z) 

((1 + zBkizyz'-Bkizy) '^{k - Ifz'^Bkizy 

r^O 


M Y.ik - iy{z^+^Bk{zy+^ + z^+^+^Bk{zy+^+^). (2.9) 


r^O 

Applying Lemma 2.6 we have that the total number of vertices of outdegree i over all k-ary 
trees with n edges is 

dAk,i{t,z) 

t=i 




n] = \z 


m>0 


dt 


0 - in[z^-^-^]Bkizy+^ + [z^-'-^-^jBkizy+^^y 

r^O 


; E(^ - D' 


r^O 


kn 


k{i + r) / kn \ ^ k{i + r + 1) / 

kn \n — r — i) kn \n — r — i — 1 




r^O 


r + i / kn \ i + r + 1 

. + 


n \n — r — i 


n 


kn \n — r — i — 1 


Here 




r + i f kn 




n \n — r — i 


y^k-lr‘-( 

n\n — r 

r^i 


n \n — T ] 

(k-irya-i) 


r^i 


Applying the identity (”) (X) = (k) (”_ J and the identity (yj + J ) we have 


kn \ 1 /n — r\ / kn 

n — rj n\ 1 J \n — r 

n+l\ 




r + i f kn 


r^O 




n \n — r — i 

kn — 1 


r^i 




r^i *- 


{k - 1)^ 


n — r 

kn — 1 
n — r 


+ 


kn — 1 
n — r — 1 


- k 


kn — 1 
n — r — 1 


-{k- 1)"+^ 


kn — 1 
n — r — 1 


kn — 1 
n — i 


Similarly we have 




.r + i + 1 


r^O 


n 


kn 

n — r — i — 1 


E -1) 




r^2+l 


kn — 1 


n\n — r \n — i — 1 
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Therefore we have proved that 


mak,iim,n) 

m,n^0 


dAk,i{t,z) 

dt 


t=i 



/fcn — 1\ ^ / kn — 1 \ 
\n — i J \n — i — IJ 




3 Bijective proofs for the main results 

3.1 Bijective proof for plane trees 

Let Tn,i be the set of ordered pairs (T, v) such that T is an n-plane tree, and v a vertex of 
T of outdegree i. We will associate with each pair (T, v) G Tn,i a composition of nonnegative 
integers n. Here a composition of n can be thought of as an expression of n as an ordered 
sum of integers. More precisely, a sequence a = (ai,... , 0 ^) of nonnegative integers satisfying 
o,j = n is called a k-composition of n. we use An,k to denote the set of all ^-compositions 

of n. 

For each a G An,k we define f{a) = “ !)• ^ /c-composition a = (ai,... ,ak) 

satisfies /(oi,... ,aj) > 0 for each j, 1 < j < A: — 1 and /(a) = —1, then we call a a unit 
composition. If a = (oi,..., a^) satisfies /(ai,..., Oj) > 0 for each j, 1 < j < /c, then we call a 
a positive composition. We use B to denote the set of all unit compositions and Bn^k to denote 
the set of all unit /c-compositions of integer n. 

For each n-plane tree T, we label the n -|- 1 vertices of T with numbers 1 to n -|- 1 in the 
depth-first order, or preorder. (The definition of the depth-first order can be found in [6, p.336] 
or [9, p.33].) Now we associate with T a composition 5{T) by 5{T) = {di,d 2 ,..., dn+i), where 
dj is the outdegree of the vertex in T labeled j. 

Lemma 3.7 The map T i-)- 6{T) is a bijection from the set of plane trees to Bn,n+i- 

Example 3.8 Let n = 14. Figure 1 shows a plane tree T with If edges, whose vertices are la¬ 
beled in depth-first order from 1 to 15, and we have 6{T) = (3, 2, 0, 2, 0, 2, 0, 0, 0, 3,0,0, 2,0, 0) G 

014 , 15 - 

Lemma 3.7 has a fairly straightforward proof by induction and will be omitted here. More¬ 
over, there is a more general result that plane forests are in bijection with a sequence of unit 
compositions. More details can be found in [9, p.34], in which the author use the terminology 
of Lukasiewicz words instead of compositions. 

In the remainder of this section we concentrate on plane trees with a specified vertex of 
given outdegree. Now we are ready to establish our bijection. 

Theorem 3.9 There is a bijection between Tn,i and An-i,n- 
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Figure 1: A plane tree with 14 edges, with one of its vertices of outdegree 2 circled. 


Proof. Given an ordered pair {T,v) G Tn,i, we label the vertices of T in depth-first order. 
Suppose V is labeled j, 1 < j < n + 1. We define 

6{T,v) = a = {dj+i,... ,dn+i,di,... ,dj-i). 

For example, let T be the plane tree shown in Figure 1, and the circled vertex with label 4 is the 
specified vertex v, which has outdegree 2. Then we have 5(r, v) = (0, 2, 0,0, 0,3, 0,0, 2, 0, 0, 3, 2,0). 
Since there are n edges of T, and v has outdegree i, it is obvious that dt = n — i, thus 

d{T,v) G ^n—i,n- 

On the other hand, given a G An-i,m we can uniquely decompose a into the form 


a — q;iq;2 • • • cusOto 

for some nonnegative integer s such that ai,a 2 , ■ ■ ■ ,as are unit compositions, and ao is a posi¬ 
tive composition with /(ao) = s — i. We call such a decomposition the fundamental decomposi¬ 
tion of a. For example, the fundamental decomposition of a = (0, 2, 0,0, 0,3, 0, 0, 2,0,0,3, 2, 0) 
is the following: 

(0) (2,0,0) (0) (3,0,0, 2,0,0) (3,2,0). 

Now we set a' = ao i aia 2 • • • a^. One can easily verify that a' is a unit composition. We set 
T = (5“^(a'). Suppose ao is of length 1. Let v be the (/ -|- l)-th vertex of T in the depth-first 
order. Then we have {T,v) = ^“^(a). Hence we proved that the map ^ is a bijection. I 

Bijective proof of Theorem 1.1: It is a basic result in enumerative combinatorics with an easy 
bijective proof that the number of k compositions of n, or equivalently, the number of the 
nonnegative integer solutions of the equation xi -|- X 2 + • • • + = n is so our result 

then follows. 


3.2 Bijective proof for k-ary trees 

Let denote the set of A:-ary trees with n edges, and denote the set of ordered pairs (T, v) 
such that T G , and x is a vertex of T of outdegree i. Given (T, x) G T^i, let T' denote 



the complete k-sxy tree that corresponds to T. Note that v becomes an internal vertex in T' 
(and has outdegree A:), which we denote as v'. Let a = (5(r', v'\ Since there are n + 1 internal 
vertices and k{n + 1) edges in T', and all the internal vertices of T' have outdegree k, from 
Theorem 3.9 we have the following corollary. 


Corollary 3.10 The map 6 is a bijection between and compositions a that satisfy the 
following: 

(i) a G -A.kn,k{n+i)j and a consists of exactly n k’s and {kn + k — n) 0 ’s; 

(a) In the fundamental decomposition a = aia 2 ■■ ■ OsOo? we have s>k, and among the first 
k unit compositions oi, 02 ,..., Ofc, exactly i of them begin with k. 


Example 3.11 Let k = 3, n = 8 and i = 2. Figure 2 shows a ternary tree T with 8 edges and 
the corresponding complete ternary tree T' with k{n + 1) + 1 = 28 vertices. A specified vertex 
V of outdegree 2 is circled in T, and which corresponds to an internal vertex v' in T'. We have 


a = 6{T', v') = (3, 0,0, 0,0, 3,0, 0, 0, 0, 3, 0, 0, 3, 3, 0,0,0,3,0, 0, 0, 0, 3, 3,0,0). 


The fundamental decomposition of a is 


(3,0,0,0) (0) (3, 0,0,0) (0) (3,0,0,3, 3,0,0, 0,3,0,0,0,0) (3, 3,0,0). 
It is easy to check that a satisfies conditions (i) and (ii). 




Figure 2: A ternary tree T and the corresponding complete ternary tree T'. 


fc(n+i) denote the set of compositions in Akn,k{n+i) that satisfy (i) and (ii). From 
Corollary 3.10 we know that to prove Theorem 1.2, we need to show the following. 

Theorem 3.12 For integers n. A: > 1 and i > 0, there is a bijection between and 

the set of of ordered pairs (A, Y), where X is an i-element subset of [k] := {1,2,..., k}, and 
Y is an (n — i)-element subset of [kn]. 
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Y 

a 

(r',u') 

(^T) 

X 

Y 

a 

(r',u') 

(^T) 

{1} 

{1} 

(22000) (0) 



{2} 

{1} 

(0) (22000) 


> 

{1} 

{2} 

(20200) (0) 

T 

< 

{2} 

{2} 

(0)(20200) 


\ 

{1} 

{3} 

(200)(0)(20) 


> 

{2} 

{3} 

(0) (20020) 


\ 

{1} 

{4} 

(200)(0)(0)(2) 


/ 

{2} 

{4} 

(0)(2)00(0)(2) 


< 


Table 1: The bijection for 8 pairs (T, v) when n = 2, k = 2 and i = 1. 


Proof. Given a G k{n+i)- Suppose the fundamental decomposition of a is a = 0102 • • • asOo- 
Let /? = {bi,b 2 ,. ■ ■ ,bkn) be the composition obtained from a by deleting the first number in 
each of the first k unit compositions Oj, 1 < i < k. Then exactly n — i members among 
bi,b 2 ,... ,bkn equals k. Suppose they are bi^,bi 2 , ■ ■ ■ ,bi^_., with h,l2,--- ,^n-i € [kn]. Let 
a^i, ajj; • ■ ■) be the i unit compositions among ai,a 2 , ■ ■ ■ ,ak that begin with k. Now we 
set X = • • • ,ji}, Y = {li,l 2 , ■ ■ • and 4>{a) = {X,Y). 

For example, for the composition a in Example 3.11, we have 4>{a) = (X,Y) where X = 
{1,3}, and Y = {8,11,12,16, 21, 22}. 

Now we prove that (/> is a bijection by defining its inverse. Given {X,Y) with X = 
■■■ ,ji} C [k] and Y = {h,l 2 , ■■■, L-i} C [kn], we define a sequence /3 = ( 61 , 62 ,..., hkn) 
such that bj = k \i j G Y, and bj = 0 otherwise. Similarly we define 7 = (ci, C 2 ,..., c^) to 
be a sequence of integers such that Cj = k if j G X, and Cj = 0 otherwise. Now we insert 
ci,C 2 ,...,Cfc into /? one-by-one to get a sequence a = (ai, 02 ,..., such that in the 

fundamental decomposition of a, the first k unit compositions begin with ci, C 2 ,..., c^, respec¬ 
tively. Note that when inserting a 0, it forms a unit composition by itself; when inserting a k, 
it will “use” k O’s from /3, since there are j fc’s among ci, C 2 ,..., and kn — k{n — j) = kj 
“remaining” O’s (each of the n — j /c’s in /3 will “use” k O’s too), such an insertion is always 
possible. Thus we proved that 4> is a bijection. I 

For another example, let n = 2, A: = 2 and i = 1. There are eight pairs {X,Y), where X is 
a one-element subset of {1, 2}, and T is a one-element subset of {1, 2, 3,4}. Table 1 shows the 
corresponding a, {T',v') and {T,v) for each pair {X,Y). 

Theorem 1.2 follows immediately from Theorem 3.12. 
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